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THREE STAGE TOWERS OF 5-CLASS FIELDS
DANIEL C. MAYER
Abstract. With K = Q
(√
3 812 377
)
we give the first example of an algebraic number field
possessing a 5-class tower of exact length ℓ5K = 3. The rigorous proof is conducted by means
of the p-group generation algorithm, showing the existence of a unique finite metabelian 5-
group G with abelianization [5, 5] having the kernels (M1,G5) and targets
(
[25, 5, 5, 5], [5, 5]5
)
of Artin transfers Ti : G→Mi/M ′i to its six maximal subgroupsMi, prescribed by arithmetical
invariants of K. Thus, G must be the second 5-class group G25K of the real quadratic field K
but cannot be its 5-class tower group G∞5 K, since the relation rank d2G = 4 is too big. We
provide evidence of exactly five non-isomorphic extensions G of G having the required relation
rank d2G = 3 and derived length dl(G) = 3 whose metabelianization G/G′′ is isomorphic to G.
Consequently, G∞5 K must be one of the five non-metabelian groups G.
1. Introduction
Given a prime number p ≥ 2, a positive integer n ≥ 1, and an algebraic number field K,
the nth Hilbert p-class field FnpK of K is the maximal unramified Galois extension of K whose
automorphism group GnpK := Gal
(
FnpK|K
)
is a finite p-group of derived length dl(GnpK) ≤ n. In
particular, the first Hilbert p-class field F1pK of K is the maximal abelian unramified p-extension
of K. Its Galois group G1pK is isomorphic to the p-class group ClpK := SylpCl(K) of K, according
to Artin’s reciprocity law of class field theory [1].
The projective limit lim←−n≥1G
n
pK of all nth p-class groups G
n
pK of K is isomorphic to the
possibly infinite topological Galois group G := G∞p K of the maximal unramified pro-p extension
F∞p K :=
⋃
n≥1 F
n
pK, that is the Hilbert p-class tower, of K. Conversely, the nth p-class group
can be obtained as the nth derived quotient G/G(n) ≃ GnpK of the p-class tower group G of K.
The length of the p-class tower of K is defined as the derived length of G,
(1.1) ℓpK := dl
(
G∞p K
)
.
For each n ≥ 2, inclusively n = ∞, the commutator subgroup of GnpK is isomorphic to
Gal
(
FnpK|F1pK
)
, and the abelianization of GnpK is isomorphic to the p-class group ClpK of K,
(1.2) GnpK/
(
GnpK
)′ ≃ G1pK ≃ ClpK,
in particular, the generator rank d1
(
GnpK
)
:= dimFp H
1(GnpK,Fp) of G
n
pK coincides with the
p-class rank rpK := dimFp
(
ClpK
⊗
Zp
Fp
)
of K, according to Burnside’s basis theorem.
After the preceding clarification of the technical framework for this article, we devote a minimum
of space to an outline of the historical evolution of finding p-class towers with increasing finite
length. Thereby, we use the notation of the SmallGroups database [4], [5], and partially give more
details than the original papers of the cited authors,
We have ℓpK = 0 if and only if the class number #Cl(K) of the field K is not divisible by p.
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If the p-class group ClpK > 1 is cyclic, then we have a single stage tower with ℓpK = 1, by
Formula (1.2). If K = Q
(√
d
)
is a quadratic field and p ≥ 3 is odd, the converse is also true [23,
Thm. 4.1, (1), p. 486]. However, for the discriminant d = −84 = −22 · 3 · 7, we have Cl2K ≃ [2, 2]
but nevertheless only ℓ2K = 1 [20, (ii), p. 277], [23, § 9, pp. 501–503].
In 1930, Hasse [17, § 27, pp. 173–174] gave the first example of ℓ2K ≥ 2 for a field of type
[4, 2], due to private communications by Furtwa¨ngler and Artin. It has discriminant d = −260 =
−22 · 5 · 13, G22K ≃ 〈24, 6〉, and in fact ℓ2K = 2. A field of type [2, 2] with ℓ2K = 2 is given by
d = −120 = −23 · 3 · 5 with ( 53) = −1, and has G22K ≃ 〈23, 4〉 the quaternion group [20, (vi.a,b),
p. 278]. However, a field of type [2, 2] can never have a 2-class tower of length bigger than two.
Consequently, the first field with ℓ2K = 3 was of type [4, 2]. It was discovered in 2003 by Bush
[10, Prop. 2, p. 321] and has discriminant d = −1 780 = −22 · 5 · 89. Its 2-tower group is one
of two candidates 〈28, 426|427〉 with class 5 and coclass 3. In 2006, Nover provided evidence of
ℓ2K = 3 for a field of type [2, 2, 2] with d = −3 135 = −3 · 5 · 11 · 19 and four candidates for G32K
of order 213, class 7 and coclass 6 [9, § 3.4, pp. 7–8], [34, Prop. 5, p. 239].
Now we turn to odd primes p ≥ 3. In 1934, Scholz and Taussky [37, § 3, pp. 39–41] manually
calculated the first occurrences of ℓ3K = 2 for d = −4 027 of type [3, 3], resp. d = −3 299 of type
[9, 3]. The corresponding 3-class tower groups are the Schur σ-groups 〈35, 5〉, resp. one of the two
candidates 〈36, 14|15〉. However, they also claimed a two stage tower for d = −9 748 = 22 · 2 437
[37, § 3, p. 41], where neither of the two candidates 〈37, 302|306〉 for the second 3-class group is
a Schur σ-group [21]. This claim was corrected by Bush and ourselves [11, Cor. 4.1.1, p. 775] in
2015. We proved the first sufficient criterion for complex quadratic fields K with ℓ3K = 3, and
provided two candidates G33K ≃ 〈36, 54〉 −#2; 2|6 for d = −9 748, in the notation of the ANUPQ
package [14]. These were the first non-metabelian Schur σ-groups. They have order 38, class 5,
coclass 3, derived length 3, and are discussed in more detail in [26, (70), p. 190], [26, Fig. 10, p.
191], and [28, §§ 6–7, p. 751–756].
The first occurrences of ℓ5K = 2, resp. ℓ7K = 2, were discovered in 2013 by ourselves for
d = −11 199 [25, Tbl. 3.13, p. 450], resp. d = −63 499 [25, Tbl. 3.14, p. 450]. The corresponding
groups G25K ≃ 〈55, 12〉, resp. G27K ≃ 〈75, 14|16〉 with two candidates, are metabelian Schur σ-
groups. Our attempt to prove ℓ5K = 3 for d = −62 632 with two candidates G25K ≃ 〈56, 564〉 −
#1; 2|3, resp. d = −67 063 with six candidates G25K ≃ 〈56, 564〉 − #1; 8|9|11|12|14|15, was not
successful, since we could not find suitable Schur σ-groups G35K.
Little progress was achieved for real quadratic fields until we developed new techniques for
determining their p-class tower in [27]. We found ℓ3K = 2 for d = 422 573 with G
2
3K ≃ 〈35, 5〉 [23,
Tbl. 4, p. 498], and ℓ5K = 2 for d = 4 954 652 with G
2
5K ≃ 〈55, 12〉. With extensive computational
effort we succeeded in proving ℓ3K = 3 for d = 957 013, which has G
3
3K ≃ 〈37, 273〉 with class 5,
coclass 2, and relation rank 3 [27, Exm. 6.3, pp. 306–307]. However, the attempt to prove that the
quintic analogue d = 12 562 849 has ℓ5K = 3 with either of the two candidates 〈56, 680〉 −#1; 1|2
for G35K, having order 5
7, class 5 and coclass 2, failed, due to a complete exhaustion of RAM
during the construction of two successive unramified cyclic quintic extensions of the real quadratic
field K, that is an extension of absolute degree 50.
Exploring p-groups of coclass 1 instead of coclass 2, which would be useless for finding 3-class
towers of three stages, turned out to be the crucial idea how to circumvent such hopeless number
theoretic computations of high complexity and to conduct a purely group theoretic proof of the
principal results of this article, which are the following statements, in a succinct coarse form.
Theorem 1.1. Let K be a real quadratic field with 5-class group Cl5K of type [5, 5] and denote
by L1, . . . , L6 its six unramified cyclic quintic extensions. If K possesses the 5-capitulation type
(1.3) κ(K) ∼ (1, 0, 0, 0, 0, 0), with fixed point 1,
in the six extensions Li, and if the 5-class groups Cl5Li are given by
(1.4) τ(K) ∼ ([25, 5, 5, 5], [5, 5], [5, 5], [5, 5], [5, 5], [5, 5]) ,
THREE STAGE TOWERS OF 5-CLASS FIELDS 3
then the 5-class tower K < F15K < F
2
5K < F
3
5K = F
∞
5 K of K has exact length ℓ5K = 3.
Corollary 1.1. A real quadratic field K which satisfies the assumptions in Theorem 1.1, in
particular the Formulas (1.3) and (1.4), has the unique second 5-class group
(1.5) G25K ≃ 〈15625, 635〉
with order 56, class 5, coclass 1, derived length 2, and relation rank 4, and one of the following
five candidates for the 5-class tower group
(1.6) G∞5 K = G
3
5K ≃ 〈78125, n〉, where n ∈ {361, 373, 374, 385, 386},
with order 57, class 5, coclass 2, derived length 3, and relation rank 3.
Example 1.1. The minimal fundamental discriminant d of a real quadratic field K = Q(
√
d)
satisfying the conditions (1.3) and (1.4) is given by
(1.7) d = 3 812 377 = 991 · 3 847.
The next occurrence is d = 19 621 905 = 3 · 5 · 307 · 4 261, which is currently the biggest known
example, whereas d = 21 281 673 = 3 · 7 · 53 · 19 121 satisfies (1.4) but has a different κ(K) ∼
(2, 0, 0, 0, 0, 0), without fixed point.
The organization of this paper is as follows. In § 2, we show how the arithmetical invariants
κ(K) and τ(K) of an algebraic number field K (e.g., the data in Formula (1.3) and (1.4)) can be
translated into group theoretic information κ(G) and τ(G) on the second p-class group G = G2pK
of K, following the ideas indicated in Artin’s paper [2], which led to Furtwa¨ngler’s proof [13] of
the famous Principal Ideal Theorem and were expanded in detail by Hasse [17].
§ 3 is devoted to the study of the interplay between the Artin pattern AP(G) = (τ(G),κ(G)) of
finite p-groups G on a descendant tree T (R) with root R and the partial order G > πG induced by
the (child, parent)-pairs (G, πG) of the tree, which was discovered recently in [30]. These monotony
properties of τ(G) and κ(G) are employed in the p-group generation algorithm by Newman [33]
and O’Brien [35] for identifying the unique metabelianization G = G25K = G/G
′′ ≃ 〈15625, 635〉
of the 5-class tower group G = G∞5 K of K by the strategy of pattern recognition via Artin
transfers in § 4. An unexpected bifurcation in the tree T (〈25, 2〉) enabled the discovery of five
non-isomorphic possibilities G ≃ 〈78125, n〉 with n ∈ {361, 373, 374, 385, 386} and derived length
dl(G) = 3 for G itself.
The termination condition for the algorithm is expressed by the growth of the τ(G)-component
beyond a break-off bound. At this stage it is still open whether the length of the 5-class tower of
K is ℓ5K = 3 or ℓ5K = 2, since only group theoretic information was used up to this point.
Therefore, arithmetical constraints forG in form of the relation rank, which has been determined
by Shafarevich [36], come into the play in §§ 5 and 6, and eliminate the possibility of a metabelian
tower with length ℓ5K = 2 for a real quadratic field K.
2. Pattern recognition via Artin transfers
2.1. Translation from number theory to group theory. We start with an arithmetical sit-
uation where Artin patterns play an important role. Let p ≥ 2 be a prime number. Suppose
we are given an algebraic number field K|Q with non-trivial p-class group ClpK > 1. Then the
intermediate fields L between K and its Hilbert p-class field F1pK are exactly the (finitely many)
abelian unramified extensions of K with degree a power of p. For each of them, we denote by
jL|K : ClpK → ClpL the class extension homomorphism.
Definition 2.1. By the restricted Artin pattern of K we understand the pair consisting of the
family τ(K) of the p-class groups of all extensions K < L < F1pK as its first component and the
p-capitulation type κ(K) as its second component,
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(2.1) AP(K) := (τ(K),κ(K)) , τ(K) := (ClpL)K<L<F1pK
, κ(K) :=
(
ker jL|K
)
K<L<F1pK
.
Remark 2.1. It is convenient to replace the group objects in the unordered family τ(K), resp.
κ(K), by ordered abelian type invariants, resp. ordered numerical identifiers, accepting the draw-
back of dependence on the selected ordering (indicated by using the symbol ∼ instead of =).
In the case p = 5 and C := Cl5K ≃ [5, 5], which is relevant for this paper, let L1, . . . , L6 be the
six intermediate fields between K and F15K and denote by Ni := NormLi|K (Cl5Li) their norm
class groups, which are exactly the six cyclic subgroups of index 5 in C. In this sense, the notation
of the 5-capitulation type in Formula (1.3) (where 0 means a total capitulation) is an abbreviation
for
(2.2) κ(K) ∼ (N1, C, C,C,C,C) .
Now we turn to the group theoretic aspect of Artin patterns. Let G be a finite p-group or an
infinite topological pro-p group with finite abelianization G/G′. For each of the (finitely many)
intermediate groups M between the commutator subgroup G′ and the group G, we denote by
TG,M : G→M/M ′ the Artin transfer homomorphism from G to the abelianization M/M ′ of M
[26, Dfn. 3.1, p. 5].
Definition 2.2. By the restricted Artin pattern of G we understand the pair consisting of the
transfer target type (TTT) τ(G) as its first component and the transfer kernel type (TKT) κ(G)
as its second component,
(2.3) AP(G) := (τ(G),κ(G)) , τ(G) := (M/M ′)G′<M<G , κ(G) := (kerTG,M )G′<M<G .
Remark 2.2. Again, we usually replace the group objects in the unordered family τ(G), resp.
κ(G), by ordered abelian type invariants, resp. ordered numerical identifiers.
In the case p = 5 and G/G′ ≃ [5, 5], which will be of concern in this paper, we denote by
M1, . . . ,M6 the six intermediate groups between G
′ and G and we write the transfer kernel type
corresponding to Formula (1.3) as
(2.4) κ(G) ∼ (M1, G,G,G,G,G) or briefly κ(G) ∼ (1, 0, 0, 0, 0, 0) .
Finally, we combine the number theoretic and group theoretic view of Artin patterns.
Theorem 2.1. Let p be a prime number. Assume that K is a number field, and let G := G2pK be
the second p-class group of K. Then G and K share a common restricted Artin pattern,
(2.5) AP(G) = AP(K), that is τ(G) = τ(K) and κ(G) = κ(K).
Proof. A sketch of the proof is indicated in [32] and [24, § 2.3, pp. 476–478], but the precise
proof has been given by Hasse in [17, § 27, pp. 164–175]. We have elaborated Hasse’s proof on
Wikipedia:
https://en.wikipedia.org/wiki/Principalization_(algebra) 
2.2. Metabelian p-groups of maximal class. Generally, let G be a finite p-group, for an
arbitrary prime number p ≥ 2. Assume that G is of order |G| = pn, where n is the logarithmic
order, of nilpotency class c = cl(G) = m − 1, where m is the index of nilpotency, and of coclass
r = cc(G) = n− c = n−m+ 1. Denote the descending lower central series of G by
(2.6) G = γ1G > γ2G > γ3G > . . . > γm−1G > γmG = 1,
where γjG = [γj−1G,G], for j ≥ 2, and the ascending upper central series of G by
(2.7) 1 = ζ0G < ζ1G < ζ2G < . . . < ζc−1G < ζcG = G,
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where ζjG/ζj−1G = Centre(G/ζj−1G), for j ≥ 1.
Now let G be a metabelian p-group of coclass r = cc(G) = 1, whence n = m. Then the
abelianization G/G′ is of type [p, p] and G = 〈x, y〉 can be generated by two elements x, y. Suppose
that m ≥ 3, i.e., G is non-abelian. Denote the two-step centralizer, that is the centralizer of the
two-step factor group γ2G/γ4G of the lower central series, by
(2.8)
χ2G := {g ∈ G | [g, u] ∈ γ4G for all u ∈ γ2G} , that is,
χ2G/γ4G = CentralizerG/γ4G(γ2G/γ4G).
χ2G is the biggest subgroup of G such that [χ2G, γ2G] ≤ γ4G. It is characteristic, contains
the commutator subgroup γ2G, and coincides with G if and only if m = 3, whence we have
γ2G < χ2G < G ⇐⇒ m ≥ 4. Select normalized generators of G = 〈x, y〉 such that
(2.9) x ∈ G \ χ2G, if m ≥ 4, y ∈ χ2G \ γ2G.
Starting with the main commutator s2 := [y, x] ∈ γ2G define the higher iterated commutators
recursively by sj := [sj−1, x] ∈ γjG, for j ≥ 3.
The general theory of p-groups of maximal class can be found in Huppert [19, § 14, p. 361] and
Berkovich [3, § 9, p. 114].
In the isomorphism class of a metabelian p-group G of maximal class, and of order |G| = pm,
there exists a representative Gma (z, w) whose normalized generators satisfy the following relations
with a fixed system of parameters a = (a(m− k), . . . , a(m− 1)), w, and z, according to Blackburn
[6] and Miech [31, p. 332]:
• parametrized commutator relations with parameters 0 ≤ a(m− ℓ) ≤ p− 1 for 1 ≤ ℓ ≤ k,
in particular, with non-vanishing parameter a(m− k) > 0,
(2.10) [sj , y] =
{∏k−j+2
ℓ=1 s
a(m−j+2−ℓ)
m−ℓ ∈ [γjG,χ2G] = γm−k+j−2G, for 2 ≤ j ≤ k + 1,
1, for j ≥ k + 2,
• parametrized relations for pth powers of the generators x, y and of higher commutators
sj , with parameters 0 ≤ w, z ≤ p − 1, and v := a(m − k) if k = p − 2, but v := 0 if
k ≤ p− 3,
(2.11)
(xyj)p = sw+zj+vj
2
m−1 ∈ ζ1G, for 0 ≤ j ≤ p− 1
yp
p∏
ℓ=2
s
(pℓ)
ℓ = s
z
m−1 ∈ ζ1G,
spj+1
p∏
ℓ=2
s
(pℓ)
j+ℓ = 1, for 1 ≤ j ≤ m− 2,
• parametrized nilpotency relations with parameter m ≥ 3 (the index of nilpotency),
(2.12) sj 6= 1, for j ≤ m− 1, but sj = 1, for j ≥ m,
expressing the polycyclic structure γjG = 〈sj , γj+1G〉, γjG/γj+1G ≃ Cp, for j ≥ 2 and
j ≤ m− 1, with cyclic factors (CF) of the lower central series, which coincides here with
the reverse upper central series, ζjG = γm−jG, for 0 ≤ j ≤ m− 1,
• and trivial metabelian relations within G′,
(2.13) [si, sj ] = 1, for all i, j ≥ 2.
In the case of an index of nilpotency m ≥ 4, the commutator relation for s2 in Formula (2.10)
explicitly describes the properties of the two-step centralizer χ2G = 〈y, γ2G〉, which are implicitly
postulated by Formula (2.8):
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(2.14) [γ2G,χ2G] = γm−kG = ζkG,
where k = k(G) denotes the defect of commutativity of G, which displays the following variety of
possible values: k = 0 for 3 ≤ m ≤ 4, 0 ≤ k ≤ m− 4 for m ≥ 5, and 0 ≤ k ≤ min(m − 4, p− 2)
for m ≥ p+ 1, according to Miech [31, p. 331].
The maximal normal subgroups Mi of G contain the commutator subgroup γ2G of G as a
normal subgroup of index p and thus are of the shape Mi = 〈gi, γ2G〉. We define a standard
ordering by g1 = y and gi = xy
i−2 for 2 ≤ i ≤ p + 1. In particular, M1 = 〈y, γ2G〉 = χ2G is the
two-step centralizer. In summary:
(2.15) M1 = 〈y, γ2G〉 = χ2G, and Mi = 〈xyi−2, γ2G〉 for 2 ≤ i ≤ p+ 1.
2.3. Polarization of the transfer target type. The transfer target type τ(G) of a non-abelian
p-group G whose second derived quotient G/G′′ is of maximal class has a particularly simple form
with a single polarized component and p fixed components of type [p, p]. The polarization is due
to the two-step centralizer χ2G of the metabelianization G := G/G
′′ of G [25, § 3.1.1, p. 412].
Definition 2.3. Let p be a prime number and e ≥ p− 1 be an integer. By the nearly homocyclic
abelian p-group of order pe we understand the abelian group
(2.16) A(p, e) :=


r times︷ ︸︸ ︷
pq+1, . . . , pq+1,
p−1−r times︷ ︸︸ ︷
pq, . . . , pq

 ,
with r invariants pq+1 and p − 1 − r invariants pq, where q ≥ 1 and 0 ≤ r < p − 1 denote the
quotient and remainder of the Euclidean division e = q · (p− 1)+ r of e by p− 1. Additionally, let
(2.17) A(p, r) :=

 r times︷ ︸︸ ︷p, . . . , p

 ,
be the elementary abelian p-group of rank r for 1 ≤ r < p− 1, and A(p, 0) := 1 the trivial group.
The abelian group A(p, e) is homocyclic if and only if e is a multiple of p− 1 or 1 ≤ e < p− 1.
Theorem 2.2. Let p be a prime number and G be a p-group whose second derived quotient
G := G/G′′ is of coclass cc(G) = 1, nilpotency class c := cl(G) ≥ 2, and defect k := k(G), but
is neither isomorphic to the extra special p-group G30(0, 1) of order p
3 and exponent p2 nor to the
Sylow p-subgroup Gp+10 (1, 0) ≃ SylpAp2 of the alternating group of degree p2, with odd p ≥ 3. Then
the transfer target type of G is given by
(2.18) τ(G) =

A(p, c− k),
p times︷ ︸︸ ︷
[p, p], . . . , [p, p]

 .
Proof. According to Theorem 6.2, G and G share a common restricted Artin pattern, AP(G) =
AP(G). In particular they share the same transfer target type τ(G) = τ(G). Thus we have
reduced the claim to the metabelian p-group G of maximal class, as discussed in § 2.2.
We use the standard ordering of the maximal subgroups Mi E G in Formula (2.15) and recall
from [23, Cor. 3.1, p. 476] that the commutator subgroups M ′i are given by
(2.19) M ′1 = γm−kG, and M
′
i = γ3G for 2 ≤ i ≤ p+ 1.
We start by showing that Mi/M
′
i ≃ [p, p] for 2 ≤ i ≤ p + 1. To this end, we observe that
Mi = 〈xyi−2, γ2G〉 and γ2G = 〈s2, γ3G〉, and thus Mi/M ′i = 〈xyi−2, s2, γ3G〉/γ3G where x, y are
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the normalized generators in Formula (2.9) and s2 = [y, x] is the main commutator of G. We have
to determine the order of the elements xyi−2, with 2 ≤ i ≤ p+ 1, and s2 modulo γ3G. The third
equation in Formula (2.11) yields sp2 ·
∏p
ℓ=2 s
(pℓ)
1+ℓ = 1 for j = 1, and thus s
p
2 ∈ γ3G, i.e., ord(s2) = p.
The first equation in the same formula gives (xyj)p = sw+zj+vj
2
m−1 , for 0 ≤ j ≤ p − 1, which is an
element of γ3G when m − 1 ≥ 3, that is m ≥ 4. For m = 3, however, we certainly have k = 0
and thus v = 0, but we must distinguish between the two extra special groups G30(0, 0), where
z = w = 0 and (xyj)p = 1, and G30(0, 1), where z = 0, w = 1 and (xy
j)p = s2. In summary, we
have ord(xyi−2) = p2 and Mi/M
′
i ≃ [p2] for G30(0, 1), but ord(xyi−2) = p otherwise, which proves
our claim.
We continue by showing thatM1/M
′
1 ≃ A(p, c−k), where c = m−1. In this case, we haveM1 =
〈y, γ2G〉, γ2G = 〈s2, . . . , sm−k−1, γm−kG〉, and thusM1/M ′1 = 〈y, s2, . . . , sm−k−1, γm−kG〉/γm−kG.
We put N := m− k and use the third equation in Formula (2.11), that is,
spj+1 · s
(p2)
j+2 · · · s
( pp−1)
j+p−1 · sj+p = 1, for 1 ≤ j ≤ m− 2.
These power relations enable us to compute the order of the elements y and sj , with 2 ≤ j ≤ N−1,
modulo γNG by a finite nested double induction with respect to the quotient q ≥ 0 and the
remainder 0 ≤ r < p− 1 of the Euclidean division N − 1 = q · (p− 1)+ r. Thereby we always have
to observe that sj ∈ γNG, i.e. ord(sj) = 1, for j ≥ N , and that the binomial coefficients
(
p
j
)
are
multiples of p for 1 ≤ j ≤ p− 1.
The first inner induction on the remainders successively yields
spN−1 = 1, s
p
N−2s
(p2)
N−1 = 1, and so on until s
p
N−p+1s
(p2)
N−p+2 · · · s
( pp−1)
N−1 = 1,
that is, we can determine the orders ord(sj) = p, for N − (p− 1) ≤ j ≤ N − 1, recursively.
The second inner induction on the remainders successively yields
spN−psN−1 = 1, s
p
N−p−1s
(p2)
N−psN−2 = 1, and so on until s
p
N−2p+2s
(p2)
N−2p+3 · · · s
( pp−1)
N−p sN−p+1 = 1,
that is, we can determine the orders ord(sj) = p
2, for N − 2(p − 1) ≤ j ≤ N − (p − 1) − 1,
recursively, but also expressions for sj with N − (p− 1) ≤ j ≤ N − 1 in terms of sℓ with ℓ < j.
In the same manner, we continue to obtain the orders
ord(sj) = p
3, for N − 3(p− 1) ≤ j ≤ N − 2(p− 1)− 1, and so on until
(2.20) ord(sj) = p
q, for N − q(p− 1) ≤ j ≤ N − (q − 1)(p− 1)− 1,
by outer induction on the quotients.
The last inner induction on the remainders will in general be shorter than the previous inner
inductions and yields
(2.21) ord(sj) = p
q+1, for N − q(p− 1)− r ≤ j ≤ N − q(p− 1)− 1,
but the recursive process terminates when we reach N − q(p− 1)− (r − 1) = 2, that is,
sp2 · s
(p2)
3 · · · s
( pp−1)
p · sp+1 = 1,
which shows that the higher commutators sp+1, . . . , sN−1 can be expressed in terms of s2, . . . , sp.
Finally we employ the second equation in Formula (2.11), that is,
yp · s(
p
2)
2 · · · s
( pp−1)
p−1 · sp = szm−1,
which formally corresponds to N − q(p− 1)− r = 1 when we put s1 := y, but now the right side
is szm−1 instead of 1. Here we must be careful and distinguish the exceptional case of the Sylow
p-subgroup Gp+10 (1, 0) ≃ SylpAp2 of the alternating group of degree p2, if p ≥ 3 is an odd prime.
In this special case, we have m = p + 1, z = 1, and thus szm−1 = sp, which has the unique effect
that sp cancels and cannot be expressed in terms of y, s2, . . . , sp−1. All elements y, s2, . . . , sp−1, sp
are of order p and generate an elementary abelian p-group of rank p, bigger than the rank p− 1
of all nearly homocyclic abelian p-groups.
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In all other cases, the higher commutators sp, sp+1, . . . , sN−1 can be expressed in terms of
y, s2, . . . , sp−1, and the Formulas (2.20) and (2.21) show that M1/M
′
1 is isomorphic to the nearly
homocyclic abelian p-group A(p, c− k) of logarithmic order N − 1 = m− k − 1 = c− k. 
Note that Theorem 2.2 is more general than Blackburn’s Theorem [6, Thm. 3.4, p. 68], since
we have used Theorem 6.2 and therefore the p-group G need not be of maximal class.
3. Monotony of Artin patterns on descendant trees
Definition 3.1. Let p be a prime and G, H and R be finite p-groups.
(1) The lower central series (LCS) of G is defined recursively by
(3.1) γ1G := G, and γnG := [γn−1G,G] for n ≥ 2.
(2) We call G an immediate descendant (or child) of H , and H the parent of G, if H ≃ G/γcG
is isomorphic to the image of the natural projection π : G → G/γcG of G onto the
quotient by the last non-trivial term γcG > 1 of the LCS of G, where c := cl(G) denotes
the nilpotency class of G. In this case, we consider the projection π as a directed edge
G→ H from G to H ≃ πG, and we speak about the parent operator π:
(3.2) π : G→ πG = G/γcG ≃ H with c = cl(G).
(3) We call G a descendant of H , and H an ancestor of G, if there exists a finite path of
directed edges
(3.3) (Qj → Qj+1)0≤j<ℓ such that G = Q0 and H = Qℓ,
where ℓ ≥ 0 denotes the path length.
(4) The descendant tree of R, denoted by T (R), is the rooted directed tree with root R having
the isomorphism classes of all descendants of R as its vertices and all (child, parent)-pairs
(G,H) among the descendants G,H of R as its directed edges G → πG ≃ H . By means
of formal iterations πj of the parent operator π, each vertex of the descendant tree T (R)
can be connected with the root R by a finite path of edges:
(3.4) T (R) = {G | G = π0G→ π1G→ π2G→ . . .→ πℓG = R for some ℓ ≥ 0} .
The restricted Artin pattern enjoys the following monotony property on a descendant tree.
Theorem 3.1. Let T (R) be the descendant tree with root R > 1, a finite non-trivial p-group, and
let G→ πG be a directed edge of the tree. Then the restricted Artin pattern AP = (τ,κ) satisfies
the following monotonicity relations
(3.5)
τ(G) ≥ τ(πG),
κ(G) ≤ κ(πG),
that is, the TTT τ is an isotonic mapping and the TKT κ is an antitonic mapping with respect
to the partial order G > πG induced by the directed edges G→ πG.
Proof. An abelian p-group A has the trivial group πA = A/γcA ≃ 1 as its parent, because the
last non-trivial lower central γcA = γ1A = A of A coincides with A. Since the tree root R > 1 is
supposed to be non-trivial, none of its proper descendants G > R can be abelian. G must be of
class c = cl(G) ≥ 2. Consequently, if (G, πG) is a (child, parent)-pair of the tree T (R), then the
last non-trivial lower central of the child G is contained in the commutator subgroup of G, i.e.,
ker(π) = γcG ≤ γ2G = G′, as pointed out in [30, Thm. 5.3, p. 85].
The restricted Artin pattern of a finite p-group G is the pair AP(G) = (τ(G),κ(G)) con-
sisting of the transfer target type τ(G) = (U/U ′)G′<U<G and the transfer kernel type κ(G) =
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(kerTG,U )G′<U<G, where TG,U : G → U/U ′ denotes the Artin transfer from G to the abelianiza-
tion U/U ′ of an intermediate group G′ < U < G. For each of these intermediate groups, we have
ker(π) ≤ G′ < U , which admits several statements about the epimorphism π : G→ πG.
According to [30, Prop.5.1, p. 82], the mapping π is a bijection between the following systems
of subgroups, U := {U | G′ < U < G} and V := {V | (πG)′ = π(G′) < V = πU < πG}, which is
a necessary condition for the uniform comparability of the Artin patterns AP(G) and AP(πG) of
(child, parent)-pairs (G, πG) on the tree T (R).
The TTT τ is an isotonic mapping on the tree T (R), since πU/πU ′ is an epimorphic image
of U/U ′, according to [30, Thm. 5.1, p. 78], and this property was used to define a partial
order πU/πU ′ ≤ U/U ′ on the components of the TTT, in [30, Dfn. 5.1, p. 80]. Combining all
components of the TTT, we obtain τ(πG) ≤ τ(G), by [30, Dfn. 5.4, pp. 83–84]. The (non-strict)
inequality has the same direction as πG < G.
The TKT κ is an antitonic mapping on the tree T (R), since π(ker(TG,U )) ≤ ker(TπG,πU ),
according to [30, Thm. 5.2, p. 80], and this property was used to define a partial order ker(TG,U ) ≤
ker(TπG,πU ) on the components of the TKT, in [30, Dfn. 5.2, p. 82]. Combining all components
of the TKT, we obtain κ(G) ≤ κ(πG), by [30, Dfn. 5.4, pp. 83–84]. The (non-strict) inequality
has the opposite direction as G > πG. 
Remark 3.1. Due to the transitivity of all partial orders involved, Theorem 3.1 remains true,
when the (child, parent)-pair (G, π(G)) is replaced by any (descendant, ancestor)-pair (G,H).
For the proof of our principal results, we require some additional inheritance properties of
group theoretic invariants with respect to the (child, parent)-relation of a descendant tree. The
inheritance is directed from the child to its parent.
Definition 3.2. A finite or infinite pro-p group G, with an odd prime p ≥ 3, is called a σ-group,
if it possesses a generator inverting (GI-)automorphism σ ∈ Aut(G) which acts as the inversion
mapping on the derived quotient G/G′,
(3.6) σ(g)G′ = g−1G′ for all g ∈ G.
Proposition 3.1. Let π : G→ πG be an epimorphism of groups and let p ≥ 2 be a prime number.
(1) Let G be a pro-p group, with an odd prime p ≥ 3.
If G is a σ-group, then πG is also a σ-group.
(2) Let G be a finite p-group and let π : G → πG be the parent operator πG = G/γcG with
c = cl(G).
• The nilpotency class increases exactly by 1 from the parent πG to the child G.
• If s denotes the step size from parent πG to child G, then the coclass of G is given
by cc(G) = cc(πG) + (s− 1), in particular, cc(G) = cc(πG) for s = 1.
• The derived length of πG is not bigger than the derived length of G.
(3.7) cl(G) = cl(πG) + 1, cc(G) = cc(πG) + (s− 1), dl(G) ≥ dl(πG).
(3) If G is a finite metabelian p-group of maximal class and π is the parent operator, then the
defect of the parent πG is not bigger than the defect of the child G, that is, k(πG) ≤ k(G),
more precisely
(3.8) k(πG) =
{
k(G) if k(G) = 0,
k(G)− 1 if k(G) ≥ 1,
which can also be expressed in the form k(πG) = max (0, k(G)− 1).
Proof. Let d := dl(G) be the derived length of G and
G = G(0) > G(1) > . . . > G(d−1) > G(d) = 1
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be the derived series of G, defined recursively by G(0) := G and G(j) := [G(j−1), G(j−1)] for
j ≥ 1. For any homomorphism π : G → H of groups, the proof of [30, Cor. 7.2, Appendix,
p. 100] has shown that (πG)(j) = π
(
G(j)
)
for j ≥ 0, and similarly for the lower central series
γj(πG) = π (γjG) for j ≥ 1.
(1) The inheritance of a GI-automorphism has been proved in [30, Thm. 7.2, App., p. 102].
(2) The lower central series of πG is given by
πG > γ2πG = πγ2G = γ2G/γcG > . . . > γc−1πG = πγc−1G = γc−1G/γcG > γcπG ≃ 1,
whence cl(πG) = c− 1.
Let n be the logarithmic order of G, that is |G| = pn. If |γcG| = ps, then we have
|πG| = (G : γcG) = pn−s and πG is of logarithmic order n− s. Consequently, the coclass
of πG is given by cc(πG) = (n− s)− (c− 1) = (n− c)− (s− 1) = cc(G) − (s− 1).
The image of the last non-trivial term G(d−1) of the derived series of G under π is given
by πG(d−1) = G(d−1) kerπ/γcG, where kerπ = γcG. If we denote by d
′ := dl(πG) the
derived length of πG, then the derived series of πG is given by
πG = πG(0) > πG(1) > . . . > πG(d
′−1) > πG(d
′) = 1,
where d′ < d if G(d−1) ≤ γcG, and d′ = d otherwise.
(3) If the order of G is given by |G| = pm, then the two-step centralizer of G satisfies the
condition [χ2G, γ2G] = γm−kG, where k := k(G) ≤ m − 4 denotes the defect of G.
Application of the epimorphism π yields
[χ2πG, γ2πG] = [πχ2G, πγ2G] = π[χ2G, γ2G] = πγm−kG = γm−kπG,
where
γm−kπG =
{
1 if k = 0,
γ(m−1)−(k−1)πG if k ≥ 1.
This proves the claim, since the step size for coclass 1 is s = 1 and thus |πG| = pm−1.
Here, we have used that πχ2G = χ2πG, since applying the surjection π to the equation
χ2G = {g ∈ G | [g, u] ∈ γ4(G) for all u ∈ γ2(G)}
and observing that πγ2G = γ2πG and πγ4G = γ4πG yields
πχ2G = {πg ∈ πG | [πg, πu] ∈ γ4πG for all πu ∈ γ2πG} . 
4. Proof of the main results
We are now in the position to prove Theorem 1.1 and Corollary 1.1 simultaneously. The
dominant part of the proof is valid for any number fieldK and admits two possibilities ℓ5K ∈ {2, 3}
for the length of its 5-class tower. The final specialization to a real quadratic field K = Q(
√
d)
with discriminant d > 0 will enforce the fixed length ℓ5K = 3.
Proof. Let K be an arbitrary algebraic number field with 5-class group Cl5K ≃ [5, 5] and 5-
capitulation type κ(K) =
(
ker jLi|K
)
1≤i≤6
∼ (1, 05) in its six unramified cyclic quintic extensions
L1, . . . , L6, and suppose that the 5-class groups of the latter are given by τ(K) = (Cl5Li)1≤i≤6 ∼(
[25, 5, 5, 5], [5, 5]5
)
.
Then the restricted Artin pattern ofK is AP(K) = (τ(K),κ(K)) and, by Theorem 2.1, Formula
(2.5), which constitutes the translation from number theory to group theory, AP(K) coincides
with the restricted Artin pattern AP(G) = (τ(G),κ(G)) of the second 5-class group G = G25K,
where τ(G) = (Mi/M
′
i)1≤i≤6 and κ(G) = (kerTG,Mi)1≤i≤6 in terms of the six maximal subgroups
M1, . . . ,M6 of G and the Artin transfers TG,Mi .
According to Formula (1.2), G possesses the abelianization G/G′ ≃ Cl5K ≃ [5, 5]. Hence,
the metabelian 5-group G must be a descendant of the abelian 5-group 〈52, 2〉 ≃ [5, 5], and for
identifying G by the strategy of pattern recognition via Artin transfers we therefore have to start
the p-group generation algorithm [18] at the root R = 〈52, 2〉 and to construct the descendant tree
T (R), always looking for the assigned search pattern AP(G).
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The recursive steps of this algorithm by Newman [33] and O’Brien [35] may be monitored on
the metabelian skeleton of the coclass-1 subtree T 1(R) in [25, Fig. 3.3, p. 425], on the interface
between coclass 1 and 2 in [25, Fig. 3.8, p. 448], and on the pruned descendant tree containing
the decisive bifurcation in Figure 1.
In each step, a parent π(G) gives rise to several children G, and the TTT τ(G) ≥ τ(π(G)) is
isotonic with respect to the partial order G > π(G) induced by the tree edges G→ π(G), wheras
the TKT κ(G) ≤ κ(π(G)) is antitonic, by the fundamental monotony result in Theorem 3.1.
The pruning process will run parallel to the recursive tree construction in the following way. A
vertex with a first TTT component τ1 > [25, 5, 5, 5] or with a higher TTT component τi > [5, 5],
for some 2 ≤ i ≤ 6, must be discarded together with all its descendants, since their TTT τ will
contain an inadequate component. Similarly, a vertex having any forbidden TKT κ different from
the only two admissible TKTs, κ ∼ (1, 05) and the biggest possible κ = (06), must be cancelled
together with the entire set of its descendants, since their TKT κ will also be forbidden.
An important additional filter must be used to eliminate the numerous metabelian 5-groups
of maximal class with positive defect of commutativity, k ≥ 1, although they share the common
admissible TKT κ = (06), by [24, Thm. 2.5.(3), p. 479]. However, all descendants of a parent with
k ≥ 1 will also have k ≥ 1, by item (3) of Proposition 3.1, Formula (3.8), and a metabelian group
of maximal class with k ≥ 1 reveals a total stabilization of all components of the restricted Artin
pattern, according to Theorem [30, Thm. 6.2.(2), p. 92]. With the aid of Theorem 6.2, Formula
(6.4), we conclude that non-metabelian 5-groups G of any coclass, whose metabelianization G/G′′
is of maximal class with k ≥ 1, will also have the TKT κ = (06) (and not the desired TKT
κ ∼ (1, 05)) and, due to k ≥ 1, the inadequate first TTT component which was determined in
Theorem 2.2. (A metabelian p-group of maximal class with order pm has defect k ≥ 1 if and only
if |τ1| < m− 1.)
After these preliminary considerations, we execute the actual steps for finding successive ap-
proximations in form of class-c quotients G/γc+1G for the 5-class tower group G := G
∞
5 K of the
field K. The steps are summarized in Table 1.
• The abelian root R = 〈52, 2〉 ≃ C5 × C5 is the class-1 quotient G/γ2G of G, as shown by
Formula (1.2). It has τ =
(
[5]6
)
, κ = (06), and gives rise to the extra special 5-groups as
its 2 children, the capable 〈53, 3〉 ≃ G30(0, 0) with τ =
(
[5, 5]6
)
, and admissible κ = (06),
and the terminal 〈53, 4〉 ≃ G30(0, 1) with τ ∼
(
[5, 5], [25]5
)
, and forbidden κ = (16).
(For a real quadratic field K, the group 〈53, 4〉 cannot occur as G25K for the additional
reason that it is not a σ-group.)
• The compulsory next parent 〈53, 3〉 ≃ G30(0, 0) is the class-2 quotient G/γ3G of G and
reveals a bifurcation [26, § 8, p. 168] with 4 metabelian children of step size 1 [25, Fig.
3.3, p. 425], and 12 metabelian children of step size 2 [25, Fig. 3.8, p. 448].
Among the former, we have a capable vertex 〈54, 7〉 with admissible κ = (06), a single
leaf 〈54, 8〉 with the desired κ ∼ (1, 05) but too small τ ∼ ([5, 5, 5], [5, 5]5), and two leaves
〈54, 9|10〉 with forbidden κ ∼ (2, 05).
Among the latter, which are of coclass 2, the 11 groups 〈55, 4 . . . 14〉 have forbidden
TKTs, and only the group 〈55, 3〉 has admissible κ = (06). However, the last five com-
ponents of the TTT τ =
(
[5, 5, 5]6
)
disqualify the group as a possible class-3 quotient of
G.
• For the class-3 quotient G/γ4G of G we have to take 〈54, 7〉 ≃ G40(0, 0) which is the
next parent. It has 9 metabelian children, all of step size 1. The capable vertex 〈55, 30〉
has admissible κ = (06). The leaf 〈55, 31〉 has the desired κ ∼ (1, 05) but too small
τ ∼ ([5, 5, 5, 5], [5, 5]5). The leaf 〈55, 32〉 has forbidden κ ∼ (2, 05), and the 6 groups
〈55, 33 . . .38〉 have positive defect of commutativity k = 1.
(For a real quadratic field K, the groups 〈55, 31 . . . 38〉 cannot occur as G25K for the
additional reason that they are not σ-groups.)
• Now we arrive at the crucial bifurcation [26, § 8, p. 168] of the mandatory next parent
〈55, 30〉 ≃ G50(0, 0) which is the class-4 quotient G/γ5G of G. It has 21 children of step
size 1 (13 of them metabelian) and 115 non-metabelian children of step size 2.
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Among the former, we have a capable vertex 〈56, 630〉 with admissible κ = (06), 4
vertices 〈56, 631 . . .634〉 with forbidden κ ∼ (2, 05), a single group 〈56, 635〉 with both, the
desired κ ∼ (1, 05) and the desired τ ∼ ([25, 5, 5, 5], [5, 5]5), and 7 groups 〈56, 636 . . .642〉
with k = 1.
Among the latter, which are of coclass 2, we have 3 capable vertices 〈57, 360|372|384〉
with admissible κ = (06), 5 leaves 〈57, 361|373|374|385|386〉 with both, the desired κ ∼
(1, 05) and the desired τ ∼ ([25, 5, 5, 5], [5, 5]5), 32 vertices 〈57, n〉, where n is listed in
Table 1, with forbidden κ ∼ (2, 05), and 75 vertices 〈57, 392 . . .466〉 with k ≥ 1.
• To make sure that 〈56, 635〉 ≃ G50(0, 1) is the unique possibility for the metabelianization
G/G′′ of G, we have to check the next parent 〈56, 630〉 ≃ G50(0, 0). It has 12 children of
step size 1 (9 of them metabelian), but either their τ ∼ ([25, 25, 5, 5], [5, 5]5) is too big or
they have k = 1. Thus, the break-off condition on the coclass-1 tree is reached.
• It remains to prove that 〈57, 361|373|374|385|386〉 are the only 5 non-metabelian possibili-
ties for G. For this purpose, we must check the roots 〈57, 360|372|384〉 of 3 non-metabelian
coclass-2 trees, which possess 14, resp. 20, resp. 20, children of step size 1, but either
their τ ∼ ([25, 25, 5, 5], [5, 5]5) is too big or they have k ≥ 1.
The proof for a real quadratic field K will be finished in Theorem 6.3. 
Table 1. Descendants of class-c quotients G/γc+1G of the 5-class tower group G
G/γc+1G κ = (0
6) κ ∼ (1, 05) κ ∼ (2, 05) κ = (06)
# of step k = 0 k = 0 k = 0 k = 1
c ord id descendants size # id # id # id # id
1 52 2 2/1 1 1 3
2 53 3 4/1; 12/6 1 1 7 1 8 2 9|10
2 1 3
3 54 7 9/2 1 1 30 1 31 1 32 6 33 . . .38
4 55 30 21/2; 115/13 1 1 630 1 635 4 631 . . .634 15 636 . . .650
2 3 360 5 361 32 352 . . .359 75 392 . . .466
372 373|374 362 . . .371
384 385|386 375 . . .383
387 . . .391
56 630 12/2 1 1 1287 1 1288 1 1286 9 1289 . . .1297
57 360 14/2 1 1 2 1 4 2 1|3 10 5 . . . 14
57 372 20/2 1 1 2 1 5 3 1|3|4 15 6 . . . 20
57 384 20/2 1 1 2 1 5 3 1|3|4 15 6 . . . 20
Remark 4.1. It is very important to point out that, for the sake of homogeneity, we have
conducted both, the search for the metabelianization G = G/G′′ of the 5-class tower group G,
and the search for G itself, within the frame of the p-group generation algorithm. In two previous
papers, we have developed the tools for finding the second 5-class group G much more directly:
The metabelian skeleton of the coclass tree T 1(〈25, 2〉) in [25, Fig. 3.3, p. 425] is embedded
within a sort of coordinate system with the TKT κ as its horizontal axis and the polarized first
TTT component τ1 as its vertical axis. According to [24, Thm. 2.5.(3), p. 479], the TKT
κ(G) ∼ (1, 05) uniquely determines the parameters w = 1, z = 0, and k = 0 of the metabelian
5-group G ≃ Gma (z, w) = Gm0 (0, 1), since k = 0 if and only if a is the empty family. As second
input data we do not even need the exact TTT τ(G) =
(
[25, 5, 5, 5], [5, 5]5
)
. The order of the
polarized first TTT component |τ1| = 25 · 5 · 5 · 5 = 55 suffices, since according to [23, Thm.
3.1.(3), p. 475], the relation |τ1| = |M1/M ′1| = 5m−k−1 = 5m−1 uniquely determines the index of
nilpotency as m = 6. Therefore, we have G ≃ G60(0, 1), and this is exactly the group 〈56, 635〉.
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5. Relation rank and generator rank
Theorem 5.1. (Shafarevich) Let p be a prime number and denote by ζ a primitive pth root
of unity. Let K be a number field with signature (r1, r2) and torsionfree Dirichlet unit rank
r = r1 + r2 − 1, and let S be a finite set of non-archimedean or real archimedean places of K.
Assume that no place in S divides p.
Then the relation rank d2GS := dimFp H
2(GS ,Fp) of the Galois group GS := Gal(KS |K) of the
maximal pro-p extension KS of K which is unramified outside of S is bounded from above by
(5.1) d2GS ≤
{
d1GS + r if S 6= ∅ or ζ /∈ K,
d1GS + r + 1 if S = ∅ and ζ ∈ K,
where d1GS := dimFp H
1(GS ,Fp) denotes the generator rank of GS.
Proof. The original statement in [36, Thm. 6, (18′)] contained a serious misprint which was
corrected in [29, Thm. 5.5, p. 28]. 
6. Covers and Shafarevich covers
We begin with a purely group theoretic concept, which aids in getting an overview of all extensions
of a particular kind of an assigned p-group.
Definition 6.1. Let p be a prime and G be a finite metabelian p-group. By the cover of G we
understand the set of all (isomorphism classes of) finite p-groups whose second derived quotient
is isomorphic to G:
(6.1) cov(G) := {G | ord(G) <∞, G/G′′ ≃ G} .
By eliminating the finiteness condition, we obtain the complete cover of G,
(6.2) covc(G) := {G | G/G′′ ≃ G} .
Remark 6.1. The unique metabelian element of cov(G) is the isomorphism class of G itself.
Theorem 6.1. The cover of the metabelian 5-group 〈15625, 635〉 consists of 6 elements,
(6.3) cov(〈15625, 635〉) =
{
〈15625, 635〉
}⋃{
〈78125, n〉 | n ∈ {361, 373, 374, 385, 386}
}
.
Proof. This is a consequence of the presentations in Formulas (7.1) and (7.2) together with § 4. 
Remark 6.2. We shall not make essential use of the complete cover in this article. The only
reason for its introduction is the possibility to express certain assertions in a more general way.
Theorem 6.2. Let G be a finite metabelian p-group. Then all elements of the complete cover of
G share a common restricted Artin pattern:
(6.4) AP(G) = AP(G), for all G ∈ covc(G).
Proof. This is the Main Theorem of [30, Thm. 5.4, p. 86]. 
Motivated by the Shafarevich Theorem 5.1, we connect the group theoretic cover concept with
arithmetical information, which will be useful for identifying the p-class tower group of an assigned
number field.
Definition 6.2. Let p be a prime and K be a number field with p-class rank ̺ := d1(Clp(K)),
torsionfree Dirichlet unit rank r, and the second p-class group G := G2pK. By the Shafarevich
cover, cov(G,K), of G with respect to K we understand the subset of cov(G) whose elements G
satisfy the following condition for their relation rank:
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(6.5) ̺ ≤ d2G ≤ ̺+ r + ϑ, where ϑ :=
{
1 if K contains the pth roots of unity,
0 otherwise.
Theorem 6.3. The Shafarevich cover of the metabelian 5-group 〈15625, 635〉 with respect to a real
quadratic field K of 5-class rank ̺ = 2 consists of 5 elements,
(6.6) cov(〈15625, 635〉,K) =
{
〈78125, n〉 | n ∈ {361, 373, 374, 385, 386}
}
.
Proof. A real quadratic field has torsionfree unit rank r = 0 + 2 − 1 = 1 and does not con-
tain the primitive fifth roots of unity, i.e., ϑ = 0. The relation rank of a p-group is equal to
its p-multiplicator rank [26, (26), p. 178]. The metabelian 5-group G = 〈15625, 635〉 has re-
lation rank 4, whereas the relation rank of the non-metabelian 5-groups G = 〈78125, n〉 with
n ∈ {361, 373, 374, 385, 386} is 3. Consequently, the former satisfies the conflicting condition
d2G = 4 > ̺ + r + ϑ = 3, whereas the latter enjoy the required property 2 = ̺ ≤ d2G = 3 ≤
̺+ r + ϑ = 3 for a 5-class tower group of K. 
Remark 6.3. The arithmetical invariants τ(K) and κ(K) of the real quadratic fields K in Ex-
ample 1.1 were computed with the aid of MAGMA, version V2.21-11 [7, 8, 22], under the LINUX
operating system on a machine with two XEON 8-core CPUs and 256GB RAM. The unramified
cyclic quintic extensions were constructed by means of the class field routines written by Fieker
[12] for MAGMA.
7. Presentation and normal lattice of the 5-tower groups
The diagram in Figure 1 visualizes the tree of 5-groups G with abelianization G/G′ of type
[5, 5] up to order 512, pruned by restriction to the transfer kernel types a.1, κ = (0, 0, 0, 0, 0, 0), of
vertices with defect k = 0 on infinite paths, and a.2, κ ∼ (1, 0, 0, 0, 0, 0), of leaves.
Groups of coclass cc(G) = 1 are metabelian, and groups of coclass cc(G) = 2, except 〈3125, 3〉,
have derived length dl(G) = 3. The big contour square  denotes the abelian root of the tree,
full discs • denote metabelian groups with cyclic centre of order 5, a contour circle ◦ denotes a
metabelian group with bicyclic centre of type (5, 5), and smaller contour squares  denote non-
metabelian groups. The symbol 2∗ means a batch of two siblings with common parent, where only
one vertex is drawn
Up to order 57, vertices are labelled by their SmallGroups Library identifiers [4, 5] in angle
brackets, where we omit the order, which is given on the left hand scale. Starting with order 58,
relative identifiers in the form −#s;n, with step size s and counter n, are used as in the output
produced by the ANUPQ package [14] of GAP [15] and MAGMA [22]. For additional ease of
identification, we give the descendant numbers of some relevant capable vertices in the format
(N1/C1; . . . ;Nν/Cν) as described in [26, (34), p.180], where ν denotes the nuclear rank.
The diagram in Figure 2 visualizes the lattice of all normal subgroups of the 5-class tower groups
Gn := 〈78125, n〉 with n ∈ {361, 373, 374, 385, 386}. Polycyclic power commutator presentations
of these groups are given by
(7.1)
Gn =〈 x, y, s2, s3, s4, s5, u5 |
s2 = [y, x], s3 = [s2, x], s4 = [s3, x], s5 = [s4, x],
x5 =W, y5 = s45, u5 = [s3, y] = [s4, y], [s3, s2] = u
4
5 〉,
where the relator word W for the fifth power of the first generator x is decisive:
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(7.2) W =


s5 if n = 361,
s5u5 if n = 373,
s25u5 if n = 374,
s5u
2
5 if n = 385,
s25u
2
5 if n = 386.
Figure 1. Pruned descendant tree of the abelian root 〈25, 2〉
Order 5n
25 52
125 53
625 54
3 125 55
15 625 56
78 125 57
390 625 58
1 953 125 59
9 765 625 510
48 828 125 511
244 140 625 512
❄
〈2〉 root
〈3〉 metabelian bifurcation
(4/1; 12/6)
t
 
 
 
 
 〈8〉 t 〈7〉
(9/2)
t
 
 
 
 
 〈31〉 t 〈30〉 1st non-metabelian bifurcation
(21/2; 115/13)
t
 
 
 
 
 〈635〉 t 〈630〉 t
❄T 1(〈25, 2〉) infinite
mainline
❛❛❛❛❛❛❛❛❛❛❛❛❛❛❛❛❛❛❛❛❛❛❛ 〈3〉❞
❆
❆
❆
❆
❆
❆
❆
❆
❆
❅
❅
❅
❅
❅
❅
❅
❅
❅
◗
◗
◗
◗
◗
◗
◗
◗
◗
◗
◗
◗
◗◗
❍❍❍❍❍❍❍❍❍❍❍❍❍❍❍❍❍❍
❛❛❛❛❛❛❛❛❛❛❛❛❛❛❛❛❛❛❛❛❛❛❛
PPPPPPPPPPPPPPPPPPPPPPPPPPP360
(14/2)
361 372
(20/2) 2∗
373
374
384
(20/2) 2∗
385
386
−#1; 2
(19/2)
❅
❅
❅
❅
❅ 4
−#1; 3
(14/4)
❅
❅
❅
❅
❅ 6
−#1; 2
(27/2; 25/2)
❅
❅
❅
❅
❅ 4
−#1; 3
(15/2)
❅
❅
❅
❅
❅ 8
−#1; 2
(20/2)
❅
❅
❅
❅
❅ 4
❄T 2(〈78125, 360〉) infinite
mainline
2
(35/3)
❅
❅
❅
❅
❅ 5
3
(20/2)
❅
❅
❅
❅
❅
2∗
6
9
2
(48/3; 45/3)
❅
❅
❅
❅
❅ 4
3
(21/2)
❅
❅
❅
❅
❅
2∗
8
13
2
(37/3)
❅
❅
❅
❅
❅ 5
❄T 2(〈78125, 372〉) infinite
mainline
2
(35/3)
❅
❅
❅
❅
❅ 5
3
(20/7)
❅
❅
❅
❅
❅
2∗
6
9
2
(48/3; 45/3)
❅
❅
❅
❅
❅ 4
3
(21/2)
❅
❅
❅
❅
❅
2∗
8
13
2
(37/3)
❅
❅
❅
❅
❅ 5
❄T 2(〈78125, 384〉) infinite
mainline
2nd non-metabelian bifurcations
✄
✄
✄
✄
✄
✄
✄
✄
✄✄
✄
✄
✄
✄
✄
✄
✄
✄
✄✄
✄
✄
✄
✄
✄
✄
✄
✄
✄✄−#2; 2
(14/2)
2
(20/2)
2
(20/2)
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Figure 2. Normal lattice of the 5-tower groups 〈78125, n〉 (n ∈ {361, 373, 374, 385, 386})
order 5n
✻
78 125 57
15 625 56
3 125 55
625 54
125 53
25 52
5
1
✻
first
stage
❄
✻
second
stage
❄
✻
third
stage
❄ζ0(G) tγ6(G) = 1
G′′
u5
t r r r r r s5
❙
❙
❙
❙
❙
❙
❙
❙
❙
❙
❆
❆
❆
❆
❆
❆
❆
❆
❆
❆
❊
❊
❊
❊
❊
❊
❊
❊
❊
❊
✆
✆
✆
✆
✆
✆
✆
✆
✆
✆
✁
✁
✁
✁
✁
✁
✁
✁
✁
✁
✓
✓
✓
✓
✓
✓
✓
✓
✓
✓
ζ1(G) r γ5(G)
ζ2(G) r
γ4(G)
s4✓
✓
✓
✓
✓
ζ3(G) r
γ3(G)
s3✓
✓
✓
✓
✓
ζ4(G) t
γ2(G) = G
′
s2✓
✓
✓
✓
✓
M1
y
M6 M5r r r r r r
M4 M3 M2
x
❙
❙
❙
❙
❙
❙
❙
❙
❙
❙
❆
❆
❆
❆
❆
❆
❆
❆
❆
❆
❊
❊
❊
❊
❊
❊
❊
❊
❊
❊
✆
✆
✆
✆
✆
✆
✆
✆
✆
✆
✁
✁
✁
✁
✁
✁
✁
✁
✁
✁
✓
✓
✓
✓
✓
✓
✓
✓
✓
✓
ζ5(G) tγ1(G) = G
The presentation for the second derived quotient of Gn is obtained by putting u5 := 1. Both
resulting relator words W = s5 and W = s
2
5 yield the same metabelian group 〈15625, 635〉.
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